A new class of multifunctions, called upper lower β μ X , μ Y -continuous multifunctions, has been defined and studied. Some characterizations and several properties concerning upper lower β μ X , μ Y -continuous multifunctions are obtained. The relationships between upper lower β μ X , μ Y -continuous multifunctions and some known concepts are also discussed.
Introduction
General topology has shown its fruitfulness in both the pure and applied directions. In reality it is used in data mining, computational topology for geometric design and molecular design, computer-aided design, computer-aided geometric design, digital topology, information system, and noncommutative geometry and its application to particle physics. One can observe the influence made in these realms of applied research by general topological spaces, properties, and structures. Continuity is a basic concept for the study of general topological spaces. This concept has been extended to the setting of multifunctions and has been generalized by weaker forms of open sets such as α-open sets 1 , semiopen sets 2 , preopen sets 3 , β-open sets 4 , and semi-preopen sets 5 . Multifunctions and of course continuous multifunctions stand among the most important and most researched points in the whole of the mathematical science. Many different forms of continuous multifunctions have been introduced over the years. Some of them are semicontinuity 6 , α-continuity 7 , precontinuity 8 , quasicontinuity 9 , γ-continuity 10 , and δprecontinuity 11 . Most of these weaker forms of continuity, in ordinary topology such as α-continuity and β-continuity, have been extended to multifunctions 12-15 . Császár 16 introduced the notions of generalized topological spaces and generalized neighborhood systems. The classes of topological spaces and neighborhood systems are contained in Proposition 2.2 see 24 . Let A k∈K A k ⊆ k∈K X k , and let K 0 be a finite subset of K. If A k ∈ {M k , X k } for each k ∈ K − K 0 , then iA k∈K i k A k . If every μ k is strong, then μ is strong and p k is μ, μ k -continuous for k ∈ K.
Throughout this paper, the spaces X, μ X and Y, μ Y or simply X and Y always mean generalized topological spaces. By a multifunction F : X → Y , we mean a point-toset correspondence from X into Y , and we always assume that F x / ∅ for all x ∈ X. For a multifunction F : X → Y , we will denote the upper and lower inverse of a set G of Y by F G and F − G , respectively, that is F G {x ∈ X : F x ⊆ G} and F − G {x ∈ X : F x ∩ G / ∅}. In particular, F − y {x ∈ X : y ∈ F x } for each point y ∈ Y . For each A ⊆ X, F A ∪ x∈A F x . Then, F is said to be a surjection if F X Y , or equivalently, if for each y ∈ Y there exists an x ∈ X such that y ∈ F x . 
Upper and Lower β μ X , μ Y -Continuous Multifunctions
Theorem 3.3. For a multifunction F : X → Y , the following properties are equivalent:
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Theorem 3.4. For a multifunction F : X → Y , the following properties are equivalent:
Proof. We prove only the implications 4 ⇒ 5 and 5 ⇒ 6 with the proofs of the other being similar to those of Theorem 3.3. 4 ⇒ 5 Let A be any subset of X. By 4 , we have
Definition 3.5. A generalized topological space X, μ X is said to be μ X -β-compact if every cover of X by μ X -β-open sets has a finite subcover.
A subset M of a generalized topological space X, μ X is said to be μ X -β-compact if every cover of M by μ X -β-open sets has a finite subcover.
Since M is μ X -β-compact, there exists a finite number of points, say,
Definition 3.9. A generalized topological space X, μ X is said to be μ X -β-connected if X can not be written as the union of two nonempty disjoint μ X -β-open sets.
Moreover, since F is surjective, there exist x and y in X such that F x ⊆ U and F y ⊆ V ; hence x ∈ F U and y ∈ F V . Therefore, we obtain the following:
Proof. The proof is similar to that of Theorem 3.10 and is thus omitted.
Let {X α : α ∈ Φ} and {Y α : α ∈ Φ} be any two families of generalized topological spaces with the same index set Φ. For each α ∈ Φ, let F α : X α → Y α be a multifunction. The product space {X α : α ∈ Φ} is denoted by X α and the product multifunction
Proof. The proof is similar to that of Theorem 3.12 and is thus omitted. 
Upper and Lower Almost β μ X , μ Y -Continuous Multifunctions
3 upper almost (resp. lower almost) β μ X , μ Y -continuous if F has this property at each point of X.
The following example shows that this implication is not reversible.
Theorem 4.4. For a multifunction F : X → Y , the following properties are equivalent:
Theorem 4.5. For a multifunction F : X → Y , the following properties are equivalent:
Proof. The proof is similar to that of Theorem 4.4 and is thus omitted.
Theorem 4.6. For a multifunction F : X → Y , the following properties are equivalent: 
The proof is obvious.
Theorem 4.7. The following are equivalent for a multifunction F : X → Y :
Proof. The proof is similar to that of Theorem 4.6 and is thus omitted.
Theorem 4.8. The following are equivalent for a multifunction F : X → Y :
Theorem 4.9. The following are equivalent for a multifunction F : X → Y :
Proof. The proof is similar to that of Theorem 4.8 and is thus omitted.
For a multifunction X → Y , by c μ F : X → Y we denote a multifunction defined as follows:
Conversely, suppose that c σ F is upper almost β μ X , μ Y -continuous. Let x ∈ X, and let
Definition 4.11. A subset A of a generalized topological space X, μ X is said to be μ X -αparacompact if every cover of A by μ X -open sets of X is refined by a cover of A that consists of μ X -open sets of X and is locally finite in X.
Theorem 4.15. Let X, μ X be a generalized topological space and Y, μ Y a quasitopological space. Let F : X → Y be a multifunction such that F x is μ Y -α-paracompact and μ Y -α-regular for each x ∈ X. Then the following are equivalent:
Lemma 4.17. c σ X V
i μ X c μ X V for every μ X -preopen set V of a generalized topological space X, μ X . Theorem 4.18. Let X, μ X be a generalized topological space and Y, μ Y a quasitopological space. For a multifunction F : X → Y , the following are equivalent:
Proof. Similarly to Lemma 4.14, we put G c β F, c π F, c σ F, c α F, or c μ F. First, suppose that F is lower almost β μ X , μ Y -continuous. Let x ∈ X, and let V be any
This shows that G is lower almost β μ X , μ Y -continuous.
Conversely, suppose that G is lower almost β μ X , μ Y -continuous. Let x ∈ X, and let V be any
For a multifunction F : X → Y , the graph multifunction G F : X → X × Y is defined as follows:
Lemma 4.19 see 25 . The following hold for a multifunction F : X → Y :
for any subsets A ⊆ X and B ⊆ Y .
Therefore, there exist a finite number of points, say, y 1 , y 2 ,. . .,y n in F x such that F x ⊆ ∪{V y i :
Conversely, suppose that G F :
Proof. Suppose that F is lower almost β μ X , μ Y -continuous. Let x ∈ X, and let W be any
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Theorem 4.23. Let μ X α and μ Y α be strong for each α ∈ Φ. If the product multifunction F :
Proof. Let γ be an arbitrary fixed index and V γ any
Theorem 4.24. Let μ X α and μ Y α be strong for each α ∈ Φ. If the product multifunction F :
Proof. The proof is similar to that of Theorem 4.23 and is thus omitted.
Definition 4.25. The μ X -β-frontier of a subset A of a generalized topological space X, μ X , denoted by fr β X , is defined by Proof. Let x be a point of X at which F is not upper almost β μ X , μ Y -continuous. Then,
If F is upper almost β μ X , μ Y -continuous at x, then there exists U ∈ β μ X , x such that F U ⊆ V . Therefore, we obtain x ∈ U ⊆ i β X F V . This is a contradiction to x ∈ fr β X F V . Thus F is not upper almost β μ X , μ Y -continuous at x. The case of lower almost β μ X , μ Y -continuous is similarly shown. 
Corollary 4.30. Let X, μ X be a generalized topological space and Y, μ Y a quasitopological space.
Corollary 4.31. Let X, μ X be a generalized topological space and Y, μ Y a quasitopological space.
Upper and Lower Weakly β μ X , μ Y -Continuous Multifunctions
Definition 5.1. Let X, μ X and X, μ Y be generalized topological spaces. A multifunction F :
3 upper weakly (resp. lower weakly) β μ X , μ Y -continuous if F has this property at each point of X.
Remark 5.2. For a multifunction F : X → Y , the following implication holds: upper almost β μ X , μ Y -continuous ⇒ upper weakly β μ X , μ Y -continuous.
The following example shows that this implication is not reversible. 
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Conversely, suppose that
This implies that F is upper weakly β μ X , μ Y -continuous at a point x.
Proof. The proof is similar to that of Theorem 5.4.
Theorem 5.6. The following are equivalent for a multifunction F : X → Y :
. By the straightforward calculations, we
and hence F is upper weakly β μ X , μ Y -continuous at x by Theorem 5.4. 4 ⇒ 8 The proof is obvious.
Theorem 5.7. The following are equivalent for a multifunction F : X → Y :
Proof. The proof is similar to that of Theorem 5.6.
Theorem 5.8. Let X, μ X be a generalized topological space and Y, μ Y a quasitopological space. For a multifunction F : X → Y such that F x is a μ Y -α-regular μ Y -α-paracompact set for each x ∈ X, the following are equivalent:
Since F is upper weakly β μ X , μ Y -continuous at x and F x ⊆ V , there exists U ∈ β μ X , x such that F U ⊆ c μ Y V and hence F U ⊆ c μ Y V ⊆ G. Therefore, F is upper β μ X , μ Y -continuous.
Definition 5.9. A generalized topological space X, μ X is said to be μ X -compact if every cover of X by μ X -open sets has a finite subcover.
A subset M of a generalized topological space X, μ X is said to be μ X -compact if every cover of M by μ X -open sets has a finite subcover. Definition 5.10. A space X, μ X is said to be μ X -regular if for each μ X -closed set F and each point x / ∈ F, there exist disjoint μ X -open sets U and V such that x ∈ U and F ⊆ V .
Corollary 5.11. Let F : X → Y be a multifunction such that F x is μ X -compact for each x ∈ X and Y, μ Y is μ Y -regular. Then, the following are equivalent: 
This shows that F is upper β μ X , μ Y -continuous.
Theorem 5.16. If F : X → Y is lower almost β μ X , μ Y -continuous multifunction such that F x is μ Y -semiopen in Y for each x ∈ X, then F is lower β μ X , μ Y -continuous.
Proof. Let x ∈ X, and let V be a μ Y -open set of Y such that F x ∩ V / ∅. By Theorem 4.7 there exists U ∈ β μ X , x such that F u ∩ c σ Y V / ∅ for each u ∈ U. Since F u is μ Y -semiopen in Y , F u ∩ V / ∅ for each u ∈ U and hence F is lower β μ X , μ Y -continuous.
